Appendix B

Molecular Solvation Through
Correlation Functions

B.1 Introduction

It is particularly desirable to obtain the free energy of solvation, Ayu*°Y, of an arbitrary solute
molecule in a solvent consisting of a mixture of molecular species. For example, this could be the
free energy of solution of an oxygen molecule O2 in a water solution. Theoretical methods for
the accurate computation of this quantity for small molecules and proteins have a large impact on
fields such as protein folding and rational drug design. They also provide descriptions of solvent
and electrolyte interaction with various chemical groups and the potential effects of mutations in

proteins.

There are currently many methods for the theoretical computation of Aps°Y — molecular dynam-
ics integration, Monte Carlo simulation, continuum electrostatics, semi-empirical quantum mechan-
ics, and integral equation methods, to name a few. Integral equation methods have the advantageous
feature of modeling the detailed solvent and solute structure while enabling fast analytic compu-
tation of the positional and orientational correlation functions between molecules. These functions
can be used under certain approximations to compute the solvation free energy, enthalpy, energy,

entropy, heat capacity, etc.

The free energy of solvation is defined in Section II. Distribution function theory for single-
and multi-component fluids is derived in Section III, resulting in expressions for the free energy in
terms of the 2-particle correlation functions. Section IV, following a short review of the calculus of
functionals, gives derivations of several important integral equations, such as the Ornstein—Zernike
equation, along with approximate methods of their solution. Finally, in Section V, these theoretical
results are applied to the particular case where the intermolecular potential energy functions are
written as a pair-wise sum of atomic energy functions. From this, a fast computational method is
obtained for computing the radially averaged atom—atom correlation functions and the free energy

of solvation.
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204 APPENDIX B. MOLECULAR SOLVATION THROUGH CORRELATION FUNCTIONS

B.2 Free Energy of Solvation

The free energy of solvation is defined as the free energy of transfer® of the solute molecule from
an ideal gas, in which the concentration of the solute molecules® is 1 molar,° to a solvent mixture
in which the concentration of solute molecules is also 1 molar (see Chapter 2). The computation of

Ap°Y can be broken down to several smaller steps
Apt = —p'8(p = 1M) + p"™ (p = 1M) + p" (p = 1M), (B.1)

where the chemical potential of an ideal gas in which solute molecules have a density p is denoted
1i8(p) and can be computed from the ideal gas partition function. The other two terms represent
the free energy of placing a non-interacting solute molecule into solution and the free energy change
associated with allowing the solute molecule to interact with the solution. In the canonical ensemble

of N rigid? solute molecules in a volume V (p = N/V), the partition function is

_ 1
" NlgN

Q / drdpdwdJe=P™ (B.2)

where r and p are the position and momentum of the center of mass of a molecule, w is the orientation
of the molecule in terms of the relevant Euler angles® (with Q = [ dw and s = total number of rigid
degrees of freedom), and J is the rotational angular momentum of the molecule. Also, o is the
symmetry factor representing the number of unique ways to rotate the molecule onto itself.f For
notational simplicity, let 8 = 1/(kT), x; = (r;,w;) and x;.j = (Xs,...,X;).

Specializing to the ideal gas case of current interest, the classical Hamiltonian factors into sep-
arate linear and angular momentum terms with no intermolecular interaction, H = H,(p1..n) +

Hs(J1..n)- Eq. B.2 is then also separable into the product of 3 partition functions:

Q' = —Al],/dpl...NefﬂH”/dJL..Ne*ﬁHJ/—XmJ.\}.N
: g
; oNoN rva\N
ig - =pP=J ['°° .
Q be = (B.3)

the single particle linear momentum (Qp), angular momentum (Q;), and configurational (Zilg =

V /o) partition functions. The Hamiltonians for the translational and rotational degrees of freedom

2 All ensembles involved in the transfers (ideal gas or non-ideal fluid) should have the same temperature and volume
or pressure, depending on the statistical mechanical formalism chosen.

bThe ideal gas can have any concentration of other molecular species without affecting the chemical potential of
the solute species.

¢1 molar = 1M = 1 mole/liter = 6.02214 x 10~% molecules/A3

dMolecules are considered rigid because conformational freedom would result in many-body intramolecular con-
straints that are difficult to handle theoretically, especially when the system includes intermolecular potential functions.
In fact, the major approximation to be made—that the potential energy functions can be pair-wise additive—would
be violated by any non-rigidity except small amplitude bond vibrations. This condition is generally not too restrictive
since many molecules of interest have only a few discrete conformations that can be explicitly included.

¢For spherically symmetric molecules (i.e. atoms and monatomic ions), w does not contain any variables, s = 3
and Q = 1 (there are no rotational degrees of freedom to normalize). For linear molecules, w = (8,¢) s = 5 and
Q = 4m, and for nonlinear molecules, w = (8, ¢,¢), s = 6 and Q = 872,

fFor example, ¢ = 1 for a molecule of CO, 2 for H2O or O3, 12 for NHy, etc.
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are known so the integrals in Eq. B.3 can be analytically computed?®

_ (2xMET\*?
o = T
1 spherically symmetric molecules
Q, = % linear molecules (B.4)

1/2
1/2 T3 .
ks

ol (761 0,03 ) nonhnear molecules

where M denotes the total molecular mass and ©; = h?/(8n2I;k) is the rotational temperature
about the molecule’s i** principle axis of inertia. The ideal gas partition function is commonly
written as a product of translational and rotational partition functions. In Eq. B.3 the volume
integral has been separated from the translational partition function leaving Qp. Also, the angular
integral has been separated from the rotational partition function leaving @) ;. This has been done in
anticipation of the inclusion of intermolecular potential energy functions yielding a more complicated
configurational partition function.

Now that the partition function of the ideal gas is known, the first term in Eq. B.1 can be derived

; __(OF _ —kT (09
we(N,V) = (8_N>T,V =0 (6_N)T,V (B.5)

Substituting Eq. B.3 and Eq. B.4 into Eq. B.5, the ideal gas chemical potential is

kT In QL;} spherically symmetric
we(p) =< kTIn %] linear (B.6)
kT In [%] nonlinear

For future reference, the system’s entropy is

0(kT'In Q)
SN=| ——— B.7
v= ("5 2), (8.7
which, with the substitution of Eq. B.3 for Q, gives

Nkln [QP; ] spherically symmetric molecules

S}% =<{ Nkln [QPE ] + Nkln [Te] linear molecules (B.8)
Nkln [2e<2] 4 Njn [0 I lecul
n [ - ] + [W] nonlinear molecules

The energy of an ideal gas is entirely kinetic because there is no intermolecular potential

(9an)

E = — B.9
N (86 v (B.9)
E% = SA;’“T. (B.10)

The next term in Ap*°Y is ™"t (p). This reflects the free energy cost of placing a non-interacting
solute molecule into a solvent in which the solute density is already p. Note that the solute already
present in solution is assumed to behave as an ideal gas. In other words, one assumes that the

chemical potential of solute will be independent of solute density (see Chapter 2 for more on this
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approximation). Therefore, solvent molecules are unperturbed by the presence of solute at concen-
tration p and there are no solute-solute interactions. Based on this, the computation of p™"t(p)
involves placing an ideal-gas like solute molecule into a fluid containing fully interacting solvent and
an ideal-gas solute of density p. Thus, since the solute molecule does not see the interacting fluid,
the chemical potential of the addition of a non-interacting solute molecule is just p™°"t(p) = u'8(p).
This exactly cancels the first term of Eq. B.1 by design.® The overall change in energy and entropy
from these terms is also zero. If the solute densities in the ideal gas and fluid phases were different,
then —u8(p,) + p'8(ps) = kT'In(py/p,). Since Ay = AE —TAS, where the difference in energy per
particle in the two systems, AE, is zero from Eq. B.10, one has that AS = —kln(ps/p,). In other
words, the change in free energy —u'8(p,) + u"°™(p;) when p, # p; is entirely entropic in origin.
The solvation free energy with p, = p; is then given entirely by Aps°Y = pi"* (as discussed
in Chapter 2). This term describes the change in free energy which results from allowing a solute
molecule (at infinite dilution) to fully interact with the solvent molecules. If it were possible to
accurately compute the free energy of the interacting and non-interacting states, then the job would
be done. Describing the process in terms of a coupling parameter, A, in which at A = 0 the solute

is non-interacting and at A = 1 the solute is fully interacting, then formally,

A =FA=1)-F\=0) = /01 d\ (81;—9)) : (B.11)
This procedure, in which the effect of the solute—solvent interaction is slowly turned on, is called
thermodynamic integration. While not obvious from Eq. B.11, in combination with certain approxi-
mations, it allows for computation of Au*°"V without the need for explicit evaluation of the absolute
free energy of the system. In the next section a theory of molecular distribution functions will be

developed for this task.

B.3 Distribution Function Theory
B.3.1 Homogeneous Molecular Fluid

To develop a basic understanding of distribution functions, a classical homogeneous fluid of N
polyatomic rigid molecules in a volume V at a temperature 7' shall be treated first. In the next
section, these results will be generalized to the case of a multicomponent molecular fluid. The

relevant partition function
0= oNoNZn
- N!

for the ensemble can be obtained from Eq. B.2 by including intermolecular interactions V(x;.. . n)

(B.12)

in the Hamiltonian. This simply results in the single particle ideal gas configurational partition
functions (Zig)N being replaced by the multi-particle configurational partition function for the in-

teracting fluid
Zn = / —dXINNe—BWXI---N). (B.13)
o

8Here it is assumed that the internal degrees of freedom for the solute are the same in gas and fluid environments.
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Because there is no external field, the intermolecular potential energy only depends on the relative
distances and orientations between the molecules, i.e. the integrand in Eq. B.13 will depend only
on these relative coordinates. Therefore, one can change variables to X; = x; —x; for j # 1 so that
the integrand is actually independent of r1 and wy and Eq. B.13 becomes (after integrating out x;)

VQ [dXs. N _gux
Zy=— / —Nre AYXo.m), (B.14)
In this case, molecule one is assumed to be located at the origin with some convenient orientation.

The simplest distribution function describes the single molecule configurational density p() (r,w),

which gives the average density of particles with a given orientation at a given position in space

N dx
(1) _ 2..N _BV(xi1..n)
P (rlawl) - O'ZN O_N_l € FLoNT, (B15)
The factor of N/o accounts for the indistinguishability between various sets of molecular orientations
and the indistinguishability of the molecules themselves. Somewhat more familiar is the positional

density distribution function obtained by integrating p)(r,w) over the Euler angles

P(l)(rl) :/dwlﬂ(l)(rl,wl)-

For the ideal gas, V = 0 and so 2} = (VQ/o)N. This results in p™ (r,w) = N/(VQ) and p™M (r) =
p = N/V. Therefore [ pMW(r)dr = N, as must happen in any fluid. The symbol p will always
represent the positional density of particles so p()(x) = p/Q.

Higher order distribution functions can be defined analogously to Eq. B.15. The n'* order
configurational density function, where one asks for the density of n molecules simultaneously in

configurations x; ., is

N! dx
/ X( +1)...Nefﬁv(x1...N)‘ (B.16)

(n) =
P (X1..n) (N —n)lonZy oN-n

Returning to the ideal gas case, p(™ (x1_,) = N!/((N —n)!lV"Q") = p"/Q" and p(™ (r;_,) ~ p"
for N > 1. For a non-ideal fluid, a dimensionless n-particle correlation function ¢(" can be defined

such that the deviation of the fluid from ideal gas behavior is

(n)
(n) = P xi.n) T
9™ (X1...n) P (x1) -+ pD(xy,) o
NIQ» dX(n+1)---N —BV(x1..N)
_ X1..N) B.1
(N —n)lop"Zy / o o
In a slightly more useful form, this definition is also
NI dx "g™ (X1...n)
(n) - (n41)..N —pV(xin) — LTI Xtn) B.1
P (x1..n) (N —n)1Zy / oN e Qn - (B.19)

As the system approaches ideal gas behavior, g™ — 1. In a hard core, excluded volume region
where molecules are overlapping, g™ — 0. In other regions g(™ oscillates, describing the local
and long range structure of the fluid. From these limiting values and Eq. B.17, one sees that g < 1

corresponds to an anti-correlation among the n molecules with g = 0 representing the total exclusion
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of the proposed n-molecule configuration from occurring. Likewise, g > 1 corresponds to a positive
correlation where sets of n molecules will preferentially assume the given configuration.

For any distribution or correlation function, for example F(x;_ ), one can apply the same
symmetry arguments leading to Eq. B.14 to write F(x1..,) = F(Xs..,) independent of x;. In
particular, this implies that the single particle configurational density will always be independent of
its variables and thus rigorously assume its constant ideal gas value, p) (ry,w;) = p/, independent
of the intermolecular potential. Additionally, any 2-particle function will only depend on the relative
position and orientation of the two particles. For spherically symmetric potentials, F will only

depend on the relative distance between the particles. In general,
F(x1,%x2) = F(X3) = F(ry —r1,ws —wy) = F(r,w), (B.20)

where w; is assumed fixed at some convenient orientation and rp is taken to be the origin of the
coordinate system so that w represents the Euler angles of particle 2 and r represents the center of
mass of particle 2. A major consequence of Eq. B.20 is that while F/(x;,x3) can be a function of up
to 12 parameters (for non-linear molecules), F(r,w) is a function of at most 6 parameters."

The 2-particle correlation function (GCF) will play a particularly important role in the evaluation

of the solvation free energy.! The angularly averaged version
(2) ! (2) 1 (2)
g (T12) = @ dwldwgg (I‘i]' =T] — Iy, Wi = W2 — wl) = ﬁ dw,'jg (rij,wij) (B21)

is the highest order correlation function that can be obtained experimentally (through x-ray scat-
tering and neutron diffraction). Note that once the angular average has been performed, the GCF
will also be independent of the orientation of r; —rs.J Taking advantage of the translational and ro-
tational uniformity of the equilibrium system, one can interpret pg(® (r) as the density of molecules
in the spherical shell between radii r and r + dr about a central molecule and 4wr2pg® (r)dr as
the number of molecules in that shell. g(*)(r) is often referred to as the radial distribution function
(RDF). For simplicity, the superscript 2 in the GCF and the RDF will be dropped except where
necessary.

One major approximation commonly introduced into the theory of molecular fluids is that the

intermolecular potential is pair-wise additive. That is

N N
V(Xl, e ,Xg) = Zu(rz —Ij,Ww; — Wj) = Zu(rij,wz-]-). (B22)
i<j i<j

While this approximation simplifies the theoretical treatment of fluids, allowing the interactions to
be described by a combination of Coulombic and van der Waals energies, it neglects important many-

body effects such as atomic polarization. While many-body corrections to Eq. B.22 are available,

hFor spherically symmetric molecules the reduction is from 6 variables to 1 and for linear molecules it is from 10
to 5.

iG-Correlation Function. “G” stands for the g in g(z)(xl,xQ). Other correlation functions shall be defined later.

IThis is not true in the presence of an external field.
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their incorporation into analytic theory is difficult. If these corrections are treated at all, it is only in
direct Monte Carlo or molecular dynamics simulations or very detailed ab-initio quantum mechanical
computations.

Assuming that Eq. B.22 provides a good qualitative description of fluid behavior, many thermo-
dynamic functions can be derived in terms of the GCF. The total energy given by Eq. B.9 breaks
up into the ideal-gas kinetic energy Eq. B.10 and the imperfect-fluid energy

l_} = (leN)eiﬁv(xl'"N). (B23)

Substituting Eq. B.22 and noting that there are N(N —1)/2 equivalent pairs of molecules, Eq. B.23

becomes

- N(

V= W/dxldXQU(rz —TI,Wy —wp /dX3 .NE€ —BV(x. N) (B24)
Now, the definition of the GCF, Eq. B.19, can be substituted for the second integral to obtain

V = 292 /drldrzdwldw2u(r2 —T1,wy —w1)g(ry —To,wy —wi)

_ pN

V = 20 dwadrau(re, ws)g(re, ws). (B.25)

If one can measure the temperature dependence of g(r,w) then the heat capacity is

a-9(1‘7 w7 T)
or

sNk N
LN

Cv=—3 20

dwdru(r,w) (B.26)

Another approximation sometimes made is the Kirkwood superposition approzimation (SA).15!

In this approximation, it is assumed that the n-particle correlation functions of order 3 or more
can be written as products of the GCFs. For example, without approximation one can write the

3-particle correlation function as
9% (x1..3) = g (x1,%2) 9 (31, %3) 9P (%2, %3)69) (x1...5) (B.27)

where 6g®) (x;_. 3) is a correction term. The SA assumes §g(® = 1. This procedure can be performed
similarly for all higher order correlation functions.'®%1%3 One advantage of this approximation is
that it allows one to compute the entropy directly from the GCF without having to compute the
partition function or the free energy.X In this manuscript, the SA approach will not be pursued,

though it is worthy of further investigation.

kThe general formulation for the entropy is

—k

SN = NGV N

/PN In Pydx;.. ndp1..ndJ1.. N,

where Py = exp(—f#)/Q is the dimensionless canonical probability distribution. It can be shown!52>153 that under
the SA approximation, the entropy becomes

kN
Sy = Slg M /dwdrg r,w)Ing(r,w).

While this allows computation of the entropy and in principle can be combined with Eq. B.25 to obtain the overall
free energy of the system, FF = F — T'S, it involves a somewhat less well tested approximation than the standard
pair-wise addition of potential energy. In fact, the tests made show that is does not work well for large systems.
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B.3.2 Multicomponent Molecular Fluid

Before addressing the actual computation of the solvation free energy, it will be of great value
to generalize the definitions of the distribution and correlation functions to a heterogeneous fluid
system. Let there be m species of molecules in a volume V. The number of particles of species
i € {1...m} is N;, the partial density is p; = N;/V, the angular volume is ; and the symmetry
factor is ;. The configuration variable of particle j of species i shall be denoted x(9) ; and the ideal
(4)
J

gas partition functions will be Qg) and Q}’. The partition function for the system is then

" (i)Q(i))N,-
o=(II % ZN1 s Nons (B.28)
i=1 v
where the configurational partition function is described by
m dX(i)l...N,- (1) (m)
ZNy,...;Nm = H —N exp(—BV(x"“"1. Ny X1 N))- (B.29)
i=1 i

The single particle configurational density, pgl)

; (%) 1is still given by the constant ideal gas value

of p;/;. The GCF comes in two varieties now depending on whether or not the two molecules are
of the same species. Analogous to Eq. B.18 the GCF for two molecules of the same species (which

shall be denoted as species number 1 for simplicity) is

Ni(N; —1)Q2 [ dxV3 p, dx( )
gn(xMy,xMy) = (Vi —1) 1/ N13:-2N/ |
01

2.2
Ulplley---,Nm i=2 g;

x exp(=AV(E1 Ny, xM™1 N). (B.30)

Similarly, the GCF for molecules of different species (species 1 and 2) is

1 2
g1a(xM 1, x®)) N1 Nafh Qy / [dx< oy Xy

N1 No—1
0102Pp1P2ZNy,... N, ot 052

dx@ N
/ (H T) exp(—AV(xM 1 ny, - .,x<m>1,_Nm))] . (B.31)
i=s i

From Eq. B.17, the configurational density distributions, p11 (x(1,x(1)y) and p1o(x™M1,x®), can
be obtained by multiplying Eqs. B.30 and B.31 by p?/Q2 and p;p2/Q1Q2, respectively. By sym-
metry, it is clear from Eq. B.31 that gio(x(M 1, x®)1) = go1 (x®1,x(1;). However, if the symmetry
arguments leading to Eq. B.20 are taken into account, so that one reduces the parameter space from
up to 12 variables to at most 6 variables, g12(x™");,x()}) = g1a(r,w), then gia(r,w) # go1(r,w).
This is because in writing g12(r,w), the dependence on the variables x('); has been removed from
Eq. B.30, which breaks the symmetry of the equation. In all functions like g;2(r,w), the particle of
species 1 is assumed to be fixed in some convenient orientation with its center of mass at the origin
of the coordinate system.

With these definitions, one is prepared to obtain the free energy of solvation and the average

solute—solvent interaction energy. Assume that species 1 is the solute species (N; = 1) and that the
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other molecular species are fully-interacting solvent molecules (water with Nat and Cl~ ions, for

example). The interaction energy Eq. B.22 can be generalized to
N
V= uiri, wij), (B.32)
i<j
where the u;; depends on the species of molecules ¢ and j and N = 7", N;. In particular, the

solute-solvent potential energy of interaction will be
uj(ryy,wiy) = AUj(r15, wij), (B.33)

where the thermodynamic integration parameter has been re-introduced to describe the degree of
interaction between the solute particle and the solvent molecules. The advantages of distribution
function theory and the pair-wise additivity assumption now become apparent in that one can

calculate 0F/0\ without computing F. To see this
OF —kT 0Zn,,...N.. (N)

or _ B.34
oN  Zny,..N,(N) oA ’ ( )
which, after plugging in Eq. B.29 for Zy, .. n,, and taking the derivative, is
m N
OF dx(i >1 N
= = Usn(xW, xR
N T Znm ) ZZ/( (X
e k 2 j=1
xexp(—BV(x(l) N1 - X(m’)l Nm 7A))
_ z / dx B @ B (B.35)
= ZNl, ’Nm 010k 1k 1, 7 .

dx(%) o dx(® )
/ #/ H 7;[11\]1 exp(_ﬂv(x(l)l...]\ﬁa'"3X(m)1...Nm;)\)) ’

Ok i#ztork i
Comparing Egs. B.35 and B.31, the final expression can be simplified considerably by substituting
in GCFs
oOF  _ p i Pr / dx® 1 dx® T (x0 1, %) g1 (x0 1, %) 1 )
N Q O, 1 1Ug 1, j )91k 1, 15

= Zg_l;;/dwkdrkUk(rk;wk)glk(rk;wk;)‘); (B36)
k=2

Finally, the free energy of solvation can be written in terms of GCFs by substituting Eq. B.36
into Eq. B.11

m 1
ApsoY = Z S—k/ d)\/dwkdrkUk(rkawk)glk(rkawkS)‘)- (B.37)

—, ik Jo
As mentioned before, gix(r,w;)) can only be measured experimentally at A = 0 and A = 1.

Theoretical methods are needed to obtain the solute—solvent GCF analytically. One such method,

integral equation theory, shall be developed in the following section. Once the gy (r,w; A) has been

In fact, at A = 0, g1k (r,w;0) = 1 because the solute is an ideal gas and thus there is no correlation between it
and the solvent particles.
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computed, not only can the free energy of solution be evaluated but the solute—solvent potential

energy (as a function of the interaction parameter \) can be obtained from the expectation value

m N
= <Z > AUk (r, w)> , (B.38)
ZN

k=2 i=1 o N (A)
where by comparing to Egs. B.35 and B.29 one sees that
oF

AU\ = ,\5

Il

)\Z /dwkdrkUk(rk,wk)glk(rk,wk,)\) (B.39)

This implies that another way to write the free energy of solvation is
L AU
ApslY = / dA% (B.40)
0

From the difference TAS = —Ap + AU(X = 1), the entropic contribution is also available.

B.4 Integral Equation Theory

In this section, the Ornstein-Zernike equation,'® the direct correlation function, c;;(x(?,x(), and
various expansions of the molecular fluid configurational partition function Eq. B.29 shall be derived.
As a whole, they provide a solvable, though approximate, set of non-linear integral equations for the
GCFs. Because much of the following derivation will rely heavily on the theory of functionals,2® 155

some of the formulae from the calculus of functionals shall be presented first.

B.4.1 The Calculus of Functionals

A functional is a function that maps a set of functions to a real or complex number. A functional,
F, that depends on the functions u(z) and g(z) shall be denoted F'[u, g]. Note that the dependent
variable, x, is not specified in the definition of the functional. This is because a functional depends
on the values of its dependent functions over a range of parameter values — not just at a single

point, z. For example, a simple linear functional F[u,g] could be written

b
Flu,g] = [ u(2)g(2)dz (B.41)

Given two functions, u(z) and g(z), Eq. B.41 maps the infinite-dimensional vector-spaces of the
functions to a number.™

The variation of Eq. B.41 with respect to the dependent function u is given by

0F[u,g] = Flu+ du,g]— Flu,g]
b
= </ dy+/ ou(y )—/ u(y)g(y)dy
= /6u(x)g(a:)da:. (B.42)

™These vector-spaces are the uncountably infinite-dimensional ordered sets {u(z)} for x € [a,b] and {g(z)} for
z € [a,b].
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In standard calculus, the differential of a function, f, of many variables is given by the chain rule

if = 2 2 3{ da. (B.43)

In the calculus of functionals, the number of variables is infinite. If one divides the interval [a, b] into
small enough sub-intervals defined by the set {z1 = a,z2,...,2Zn_1, 2, = b} so that the variation

du(z) is approximately constant in each interval, then Eq. B.42 is given approximately by

0F[u,g] = Zg(m,) [0u(z;)Ax]. (B.44)

In the limit of n — oo, Eq. B.42 is recovered. Comparing Eqgs. B.42 and B.43 one can identify

dz; — du(x)dx and
of _, 0F[u,g]

ox; - ou(x)
In the particular case when g(x) = §(y — x) is substituted into Eq. B.41, F[u] = u(y) and from

= g(z). (B.45)

Eq. B.42, 6F'[u, g] = du(y), then one obtains from Eq. B.45 by taking the functional derivative of

F[u], the important relation

du(y) _
Sulz) oy — ). (B.46)

In more a more general form, the equivalent to the functional of the partition function in the
next section, the functional depends nonlinearly on the function u(z) and linearly on the function

of n-variables, f(x1..n),
Glu, f] = / dor. ) - u(n) f (21..0). (B.A7)

The functional derivative of Glu, f] with respect to u(z) is given by a form of the product rule
applied to functionals. One must take the functional derivative with respect to each appearance of

u(z) in the functional and apply Eq. B.46

L L R JORL.LL GO SO
su(z) Z/d 1onti(71) (@) f(21...n) (B.48)

(xz 1) ($i+1)"'U(wn)f(xl...i—h$7$i+1,n)-
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If f is symmetric in its dependence on its variables,” then the derivative simplifies to

5Gu f] /dxz au(z2) - u(my) f(x, o, 0)- (B.49)

Multiple derivatives of Eq. B.47 can be obtained by repeated application of Eq. B.48

(5u(:f$§;-[-lt(;1.f(]zm) - (n - / dTmt1. nW(Tmy1) - w(@n) f(Z1.0)- (B.50)

The most general form of the functional derivative takes into account the possible dependence

of the functions on each other. The functional derivative is really a total derivative in the sense

"For example, g(z) = ff(ml,mg,z)dxldmg = ff(m,mg,zg)dmgdmg = ff(ml,x,mg)da:ldmg, i.e. all variables are
essentially equivalent.
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of normal calculus. Therefore, for example, if the functions v;(z) depend on u(z) in the functional

Flu,v;...), then the functional derivative with respect to u(z) is

0Fu 1)1 0F[u,v1..n]
- /d dvi(y

OF[u,v1.. 5] (5F[u V1.0
ou(z) total 6u( )

Here, the type of derivative has been explicitly noted — partial and total functional derivatives.

vi(y)
ou(x)

(B.51)

partzal = partial total

In particular, if Fv;..,] does not depend explicitly on u(x), the functional derivative can still be
obtained.

Applying the machinery just developed, one can generalize the Taylor series expansion of a
function in standard calculus to the Taylor series of a functional with respect to a specific function.
The standard Taylor series of a function f about a point o can be written

i (n)
HOEDY Ldviw) (z — z0)™. (B.52)

—nl da™ | _

To generalize this to a functional Taylor series of a functional F[u] and to obtain the value of the
functional at a function u(z), one could expand about some function ug(z), obtaining a power series
in u(x) — ug(z). The derivative of the function in Eq. B.52 would go over to a functional derivative
integrated over the dependent variable x to get the total effect of the variation. The first few terms

of this series are

Flu] = Fluo]+ / FLL [“] (u(z) — uo(x)) +
@
/dd d F(]y) ()~ uo@)(ul) ~wol)) + o (B5Y)

The reason to have integrals in Eq. B.53 is because one needs to take the functional derivative for
all values of the function u(z) Vz € [a,b]. Since there are an infinite number of these, what would

be a sum of terms becomes an integral, just like in Eqs. B.44 and B.42.

B.4.2 The Ornstein—Zernike Equation

28,154 (OZE) is the fundamental formula in the integral equation

The Ornstein—Zernike equation
theory of equilibrium fluids. It describes the GCF as a very intuitively understandable sum of the
direct interaction between the two molecules and a sum of indirect interactions of the two with
successively more and more intermediate molecules. There exist similar derivations to the one about
at be presented;?® however, they often use a different ensemble and always assume that the fluid
is homogeneous. Here, a full multi-component fluid in the canonical ensemble will be assumed. In
order to derive the OZE and other related equations, an external potential

m N;

W = Z Z w® (x) (B.54)

i=1 j=1
shall be introduced. In the end, W can be set to zero to obtain the field-free behavior of interest, but

meanwhile it will provide a means to turn the partition function into a generating function for the
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n-particle density distribution functions. Due to the notational complexity of the multi-component
fluid equations, the definitions X = xM1 Ny, ,x™ )y ) and WO (5) = exp(—Luw? (x(")j))
shall be used. To further reduce index redundancy, the n-particle correlation and distribution func-
tionals shall be written as, for example, gg) [(W;x®,x(),] = g;;[W; 1,2], where explicit functional
dependence on W is noted in the argument. The order of the molecular species labels in the sub-
script will always match the order of the particle indices in the argument.® Furthermore, the order
of the distribution function, n, shall be obvious from the number of dependent variables it has as
its arguments.

The configurational partition function, Eq. B.29, in the presence of the external field W becomes

o _
/ % H H W exp(—BV(X)). (B.55)

i=1j=1

Now the beauty of the calculus of functionals becomes apparent. Using Eq. B.50, the single particle
configurational density function can be obtained from Eq. B.55. Starting with
SZ[W] Ny / e dx(k); W dx; W(’) dx®; WO (j) R
) R —-pY(X B.56
sl =N [T =2 wwa) [ (11 ) (ARG PPV SR

=2 i#£k j=1
and comparing with Eq. B.15 one can write

Wk (1) §Z [W]

pr[W31] = Z[W] oWk (1)

(B.57)

Due to the presence of the external field, px[W;1] is not necessarily constant. Higher order config-
urational density functions can be obtained analogously
Wk (1) ... W k) () 8" Z [W]
W;l,...,n] = , B.58
ko] n ( Z[W] ) (6Wk1(1) - -5W(kn)(n)> (B.58)
where k; is the species of molecule i.? The GCF is obtained from Eq. B.58 by applying Eq. B.17.

In an ideal gas, the GCF is identically equal to one; therefore, it makes sense to define another
correlation function, the total correlation function (HCF), that describes the deviation of the GCF
from ideal gas behavior

pz] [Wa 152] pz[W7 l]pJ[W72]

W 1,2] = gi[W3 1,2
MWL 2) = gV, 2) - o3 110,72

(B.59)

In the limit that there are only two particles in the system, the HCF will be a function only of
the direct interaction between them (and any external fields) and not depend on the influence of
intermediate particles. The direct correlation function (CCF), ¢;;[W;1,2], is defined as this limit of
the HCF to the case of a system with just two particles. Thus, as p; = 0 Vi, h;j = ¢;; = gi5 — 1.
While not necessarily obvious at first, the functional form of the CCF can be written as

s () (560

°In the example, particle 1 is of species ¢ and particle 2 is of species j.

Cij[W; 1, 2] =

PTechnically, for Eq. B.58 to make sense, one must have i < N; Vi € [1...n]; however, one can always relabel in
situations where this is not the case.
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which, assuming molecules 1 and 2 are different, is simply the change in the average effect of the
external field on particle 1 due to a change in the configurational density of particle 2 — an indirect
way of measuring the direct interaction between the two particles. Using Eq. B.46 in evaluating

Eq. B.60 one obtains ~
SnW®(1)  §;;(1-2)
opi[W52]  pi[W51]

- Cij[W;l,Q], (B.Gl)

where

8ij(1—2) = 6;56(x®1 — x1)y), (B.62)
8;; is the Kronecker delta function, and §(x(¥; — x(7),) is the s—dimensional Dirac delta function.
Using the chain-rule Eqs. B.51 and B.46 and noting that W) (1) does not depend explicitly on
W) (2) but that they are coupled in their effects on px[I¥, 3], one can re-write the &;; (1 —2) in terms
of the single-particle configurational density functions

. SInW®(1) SIn W@ (1) 6pp[W; 3]
(1 — x(k) kLYY B
%1 -2 = W) Z / 333 S W) (B.63)

The first term in the integrand is given by Eq. B.61. The second can be obtained from the derivative
of Eq. B.57

Ipp[W33] j ) 0ln Z [W]
smwoe - " Orow (W(k) ®) S (3))
< dln Z [W] ; 821n Z [W]
= W9(2)§,(2 - )JW(k)( 35 + W@ @yw® (3 ) O @)
= pi[W;2)0;5(2 = 3) + pjr[W;2,3] - pj[W§2]Pk[W 3]
= p;[W;210k(2 — 3) + hyr[W; 2, 3]p;[W; 2] pi[W; 3]. (B.64)

Now, substituting Eq. B.61 and Eq. B.64 into Eq. B.63, one finds
6ij(1-2) = Z/dx(’% { (0 (1 = 3)pi[W; 1] — i [ W51, 3]) x
(Ps[75 2085(2 = 3) + B [W5 2, 3103 20pu [ W3 2]) } (B.65)

After the delta functions in the integrals are evaluated and the left hand side is canceled by a term

from the right. This yields the Ornstein—Zernike equation for multi-component molecular fluids
hi[W;1,2] = ¢;5[W;1,2] + i/dx(k)3cik[w§1:3]Pk[W33]hkj[W§372]- (B.66)
The version of Eq. B.66 for W = 0 is also easily obtained
hij (X(i)l - X(j)z) = Cij(x(i)l - X(j)z) + i sp}_l; /dx(k)30ik,(x(i)1 - X(k)3)hkj (X(k)s - X(j)z)- (B.67)

The definition for the CCF holds true; in the limit of only two particles in the system, py — 0 Vk,
the OZE implies that h;; — ¢;;. The correction to this behavior for finite densities is given by the
second term. This correction involves, essentially, the effective interaction due to the presence of

other molecules near the two of interest.
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The form of the OZE resembles a matrix equation. In fact, writing m X m matrices c [W;1,2],
ﬁ [W;1,2] and g [W;1,2] whose elements (i, j) are given by ¢;;[W;1,2], h;;[W;1,2] and g;;[W;1,2]
respectively, one has from Eq. B.59 that ﬁ W;1,2] =§ [W;1,2]— ?, where ? is the m x m identity
matrix. With the further identification of o [W;1] as the diagonal matrix whose (i, ) elements
are d;;p;[W; 1], and x as a matrix multiplication with an integration? over the summed variable, for

example

(€ [W;1,3]x b [W;3,2));; = Z/dx“f)g(? W31, 3)i (b [W;3,2)), (B.68)
k—1
then the OZE can be written in the matrix form
b [W;1,2 =€ [W;1,2]+ € [W;1,3] % (P [W;3]- b [W;3,2]). (B.69)

And
This equation can be repeatedly substituted into itself to obtain an solution for h in terms of a

Ad
power series in P

hW;L,2] = €[W;1,2+ € W13 % (P W3] € [W;3,2]) +
WL, 4x (p W4 € [W;4,3) x (P W3] € [W33,2]) + ...
B W12 = Bwate{€ w2, b wisl) B s (B.70)

The second equation exhibits the OZE as a chain sum.'%157 The chain sum is really a diagrammatic
expansion for ﬁ The free energy, GCF, HCF and CCF can all be expressed as diagrammatic expan-
sions of various functions.?® 158159 This methodology provides an alternate path to the derivation
of the OZE and related equations; however, the simple chain sum is the only expansion that shall
be needed in our derivations.

Any chain sum of functions like XZX (r) can be solved analytically through the use of Fourier

transforms and the convolution theorem.” For example, consider the general chain sum matrix

equation
e >
F = c{AB}
> And g And > > > g
= B*xA*B+B*A*xBxA*xB+
xd Exd i xd i xd xd g
= BxA*xB+B*xAx*F. (B.71)

Fourier transforming both sides of the equation converts the real space matrix product and convo-

lution (%) to a Fourier space matrix product. The equation can then be solved algebraically

Fk) = B&- A& B®&+B &)- A &) F k)
Fl) = [T-B-&w] B A B . (B.72)

4This integration will be a convolution when the functions involved depend only on the difference between their
arguments, eg. A(x,y) = A(x —y). For the OZ equation this will be a convolution for W = 0.
"The convolution theorem applies only to convolutions of the form ffooo dzA(z)B(y — z), it does not apply to

angular convolutions in more than one dimension. Therefore, the angular part of the OZE cannot be solved by the
convolution theorem—the integrations must be explicitly performed.
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Applying Eq. B.72 to the OZE with W = 0 (and an angularly independent intermolecular potential)

b (=) =C{E (xi-x), 0}, (B.73)
one obtains, after a little simplification,
) =(T-Cm® 2" ¢ w. (B.74)

The single particle configurational density in Eq. B.74 is, once more, a constant matrix (7)))” =
0i;pi/;. The HCF, GCF and CCF are no longer functionals and x; — x is the difference in the
positional configuration of the two particles (their species depends on the matrix element).

In the more general case of angularly dependent functions, the OZE has one other important
property that simplifies solution. In the W = 0 case, where molecular species number 1 is the solute

with Ny =1 and p; — 0, the OZE written in matrix form

<~ g

h (1,2) =€ (1L,2)+ € (1,3) (P - h (3,2)) (B.75)

separates into three equations, one for solvent—solvent interactions, one for solute—solvent interac-

. . . . .. & o “« . .
tions, and one for solute-solute interactions. To see this, one divides the h, ¢ and P matrices into

submatrices
Vv “—vu
o h h
h = ( SUV uu )
h h
Vv ~—vu
<~ (o [
c = ( SUY suu )
C C
— oy 0
p
P , B.76
(7 0) (.10

VY —uv

where, for example, h  is the matrix of solvent-solvent direct correlation functions, h is the
~—SuUu

matrix of solute-solvent direct correlation functions, and h  is the matrix of solute-solute direct

correlation functions. Substituting these into Eq. B.75

{}_{’U’U (1_1)1)1,& VU PRCILTA VU —vU “v <1_1>1)’1} <1_1>vu
c c c c
( —uv —uu ) = ( —UuUv —UY ) + ( ~—uv ~—uu )* l( p O ) ° ( > Uv ~—uu ) (B-77)
h h c c c c 0 O h h
and performing the matrix multiplication, one obtains
VY VU VY —VV UV VY “vu PRSI} VU VU
h h _[ ¢ +¢c x(p -h ) c +c¢c x(P -h )
Uv uu - —Uv —Uv SV VY Uy —uv SV VU - (B78)
h h c +c (P -h ) c +c (P -h

Vv
The important result of Eq. B.78 is that the bulk solvent correlation functions, h and ?:WU, are given

by the standard solvent-only OZE. They are independent of the solute and thus, once calculated,
can be used with any solute. The solute—solvent correlation functions needed to compute the free
energy, are not given by a standard OZE. The total correlation functions appearing on the right hand

side of the equation are the “known” solvent—solvent functions. This reduces the equation for the
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solute—solvent correlation functions from a non-linear integral equation to an essentially algebraic
equation where the total correlation functions can be easily computed once the direct correlations
are known.

Given the functional form of the CCF, the HCF and the GCF can be analytically obtained
through the use of Eq. B.67, Eq. B.74, or Eq. B.78. While the OZE is exact (it does not even
assume a pairwise potential), and describes the correlation functions in an intuitively simple fashion,
it essentially defines a new unknown function, the CCF. Before, there was only one unknown, the
HCF. Now there are two unknowns and one non-linear equation linking them. In order to analytically
compute the GCF, another independent equation must be derived which links the HCF to the CCF.
While another exact equation that one can computationally implement cannot be obtained, various

good approximate relations are derived in the next section.

B.4.3 Approximate Closure Relations

Thus far, the only major approximations that have been made are that the molecules are rigid and
that the intermolecular potential energy is pair-wise additive. In order to make progress solving for
the GCF, other much more significant approximations must be made. In light of the quest for the
solution to Eq. B.37, the field free (W = 0) ensemble of Section B.3.2 shall be used. In this ensemble
of m molecular species, species 1 is the solute molecule with N; = 1. Because there is no external
field, the position and orientation of the solute molecule can be integrated out of the configurational

partition function as in Eq. B.14

VQ e dX (@) )
BNy N = / (H 7NN> exp(~BV(X? 1 ..., X x)), (B.79)
ag,

g .
1 1=2 2

where X ; = x(¥; — x(1);. Since the value of x*); is now arbitrary, it can be fixed such that the
solute is at the origin of the coordinate system in some particular orientation.

The solvent—solute potential energy, Eq. B.33, can be factored out of the total potential energy,
Eq. B.32

vVQ dXz
Ny Ny = —— / HH L exp(—AAU(XD ) | exp(=AV (XD, .-, XMy N,

=2 j=1

(B.80)
where V' is the total potential energy without the solute-solvent part, Eq. B.33 — the intermolecular
interaction between all molecules of species 2 through m. Comparing Eq. B.80 to Eq. B.55 one can
see that, with the identification of W (j) = exp(—BAU;(x®; — x(1))), Eq. B.80 is just VQ /oy

times the partition function for the other m — 1 species of molecules in the external field W (X),

m N;

VQ dx()
2Ny N = 1/ 1111 JW(’) G) | exp(=BV' (X1 Ny, x™ 1 N ))

=2 j=1

SThe potential energy function V'’ is pair-wise additive over all pairs of molecules that do not include the solute.
Therefore, each energy function depends on a difference like X (#) ji— xX®), = x(@) j— x(k),. These differences are all

independent of x(l)l, so variables can be changed back to x(i)j.
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= ZFZn,,..N, W], (B.81)

The constant Z;# will cancel in the calculation of all correlation and distribution functions because
they all involve logarithmic derivatives of the partition function. The solvent single-particle configu-
rational density in the presence of this external field, p;[W; 1], is thus proportional to the 2-particle
solute—solvent configurational density when the solute is fixed at the origin, W = 0. By confining
the solute to the origin, one has only “lost” the orientational and positional freedom of the solute
(effectively setting Zig = 1. Thus the proportionality constant is p1[W = 0;1] and the relation is

plz[W = 07 17 2]

pillV; 1] = pW = 0;1]

(B.82)

The solvation of a solute in a mixture of molecular fluids can be treated as the effect of perturb-
ing the bulk solvent by an effective external field, W (). In fact, if the size of this perturbation is
small, the single particle density can be expanded in a functional Taylor series about zero poten-
tial. However, most solutes of interest have hard core centers which make such an approximation
inadequate.?%28 A better approximation involves expanding various functions of the density in
terms of the deviation from bulk density, Apg[1] = pr[W;1] — px[W = 0;1].t Expanding the func-
tional p;[W;1)/W (1) results in the Percus-Yevick (PY) equation.'%%:161 With the definition of
the functional Taylor series, Eq. B.53, one has to first order

pilW;2]
W@ (2)

~ piW=0;2] +

> [ (5 ’;V[(Vf(j)])w_ (s[W33]) - W = 0:3]).  (B.83)

Using p;[W = 0,3] = p;/Q; and taking advantage of Egs. B.82 and B.59 to write p;[W;3] — p;[W =
0; 3] = p;[W = 0;3]h;1(3,1), Eq. B.83 becomes

pilW; 2] Pi pilW;2] 4 pilW; 2] ,
W2 +Z [ i (s s o) 0D B

The definition of the direct correlation function Eq. B.60 provides the simplification

P32 pi NS piti [ g .
wo2) Q—+ZQin dx¥3¢i(2,3)hja (3,1). (B.85)

Jj=2

Finally, taking into account a definition of the GCF from Eqs. B.82 and B.59,

Qi i W; 1
g (2,1) = Wi (B.86)
Pi
the value of W()(2), and the OZE," for W = 0, Eq. B.85 becomes
gri(x@ = x(D ) = =BV =xDy) (gh.(xm —xM) ey (x@ X(1>1)) ’ (B.87)

*There are many possibilities, all of varying usefulness. One could also expand to different orders in Apy[1].

YThe sum in Eq. B.85 is from 2 to m but in the OZE Eq. B.67 it is from 1 to m. This is acceptable because in
the present case, N1 = 1 and this particle is already fixed at the origin. There are no more molecules of species 1 to
interact with, so the m = 1 terms are all zero.
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or
has(x® —x(M ) = o~V (x() —x1)y) (1 +h(x® —x® 1) —ep(x® — x(1)1)) _1, (B.88)

which is the Percus—Yevick closure equation.

The Percus—Yevick equation, Eq. B.87, can be combined with the OZE, Eq. B.67, resulting in
two coupled nonlinear equations for the GCF and the CCF that can be solved numerically. In fact,
PY depends only on the GCF, CCF and interaction energy of the single molecular species involved.
This is unlike the OZE which mixes the effects of all the various species through matrix products.
This PY approximation has been very successful for short ranged potentials, e.g., fluids of non-polar
molecules.??

An expansion that works much better for long ranged potentials, e.g., Coulombic, produces
the Hypernetted Chain (HNC) closure equation.?® 159 To achieve this, one expands the functional
In(p;[W;1]/W(D(1)) to first order

pi[W;2]
: (W@ @

> ~ In(p:[W =0;2]) + (B.89)

jé/dx(m (5Pj[gV; ke (%KE;)]»W_O (pi[W; 3] = p;[W = 0;3]).

Here, we can immediately substitute the definition of the direct correlation function, Eq. B.60, and

take into account the identities used in the derivation of the PY equation

P21\ iy NS P g ) .
ln<W(i)(2) Nln(Qi)+J_§Qj dx'"3¢ij(2,3)hj1 (3, 1). (B.90)

Now, using the OZE and rearranging terms, one obtains

1 (pi[Wﬂ]Qz-

m) R h1i(1,2) — (1, 2) (B.91)

Substituting the value of W) (2) and Eq. B.86, the HNC equation is

gli(X(i) _ X(l)l) _ e_'g/\Ui(x(i)_x(l)l)e(h”(x(i),x(l)l),cli(x(i),x(l)l))7 (B92)

or

hli(x(i) _ X(l)l) _ e,BAUi(x(i),x(l)1)e(h“(x(i),x(l)l),cli(x(i),x(l)l)) _1 (B93)

One can readily see that the PY equation Eq. B.88 can be obtained from the HNC equation Eq. B.93
by expanding the exponential exp(h1;(1,2) —¢1;(1,2)) = (14 h1;(1,2) —e13(1,2)), so the PY closure
is a linearization of the HNC closure. However, the large r limits of these closures are different. For
ionic fluids, the HNC closure reduces to a Debye-Hiickel approximation.2?8 The HNC closure has
also been shown to approach continuum electrostatics in the limit of weak fields and slowly varying
potentials'®? for general systems. In comparison, the PY closure does not have such behavior. In

this sense, one expects the HNC equation to be more accurate.
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B.5 Extended Reference Interaction Site Method (XRISM)

So far, a method for computing the GCF has been developed. However, it requires the solution of
coupled non-linear integral equations in up to four dimensions. Such solutions, while they have been

162-166 are computationally expensive. In addition, considering the fact that to evaluate

attempted,
the free energy of solvation, Eq. B.37, the value of the GCF for many values of A must be computed,
it seems very difficult to employ the theory just developed. The solution of the OZE for atomic fluids
or fluids with spherically symmetric correlation functions is, however, relatively straight forward.
All of the angular integrations are trivial and the remaining convolutions can be evaluated with
one-dimensional Fourier transforms. Transforming the full GCF theory to a spherically symmetric
theory would, then, greatly simplify computation.

The assumptions of pair-wise additive potentials and rigid molecules allow one to compute the
angularly dependent intermolecular potential energy function from a sum over pairs of atomic po-
tential energy functions. Let each molecular species i be composed of a; atoms at positions 1() (w(®)

relative to the center of mass of the molecule. Then, the energy of interaction between two such

molecules is

g (9 x00) = 3 S50 4 10) 589 19 (), (B.94)

s=1 t=1

(st)
where u; y

is the spherically symmetric interaction energy between atomic sites s and ¢ of molecular
species ¢ and j, respectively. Then, any function of the intermolecular energy, such as the average
potential energy of solvation, Eq. B.39, or the free energy of solution, Eq. B.37, can be written as a
sum over atomic site-site radial distribution functions (RDFs). To see this, examine the integral
dx® dx () ) . ) .
T= [ w9 X9 (9 <9, (B.95)
i385

Inserting the expression for the molecular interaction energy, Eq. B.94, and the fact that the GCF

only depends on the difference between its arguments, I becomes
I Z Z Jdxaxt) dx(” dx) a9 10 (D) — 1D 19 (D) ) g3 (6D — 2D, w® — ). (B.96)

Now, instead of integrating over all positions of the centers of mass of the molecules and over all
orientations about these centers of mass, one can change variables and integrate over all positions
of site s on molecule 7 and of site ¢ on molecule j and over all orientations of the molecules about

these positions

I— X':Z / dr®drul? (e -] du' )dw(”g S0 210 (D) —p0) 410) (D)), D) — o),
s=1 t=1
(B.97)

Comparing this with Eq. B.21, one sees that

3 = 150 20 = [ LB 00 0@0) 1Y) 119 09),00 —u)  (B98)
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is the atomic site-site RDF describing the spatial structure of the density of atoms of type ¢ in

molecules of species j around atoms of type s in molecules of species ¢. This equation can also be

written in operator form!%®

957 () = BVl —x)]
dx() dx9) i ; i i)y, (i j j j
= [ S = x4 1) ). (B.9)

These RDFs are spherically symmetric and easier to compute than their six-dimensional counter-
parts. The method of describing fluid properties in terms of individual interaction sites located at
the positions of the atoms is called the Interaction Site Method (ISM).156 In terms of the RDFs, the
solvation free energy and average solute—solvent interaction energy are given respectively by

al Qg

ApolY = ZZZ P / d\ / 4nr?drU (r) g0 (ry ) (B.100)
k=2 s=1 t=1
al Ak
AU(N) = /\ZZZ e / 4rrdrUS (1) gl (rs 2) (B.101)
k=2 s=1 t=1

The immediate drawback of using RDFs is that the detailed three-dimensional solvent structure
about the solute is lost. One cannot reconstruct the angularly dependent GCF from the RDFs.
Therefore, one cannot compute the induced polarization of the solvent for non-spherical solutes
either. Accepting these drawbacks in the face of the potential computational benefit of using one-
dimensional instead of six-dimensional functions, one must generalize the OZE to describe them. To

obtain the generalized OZE, one simply applies the operator R(St) to both sides of Eq. B.67 arriving

at
K00 = e Y g [ ) - <)
5 +10 (w5 +19) (W) - r). (B.102)

Some manipulation, or the application of the theory of diagrams, allows this to be simplified to!®®

WD (r) = D () + Z Z Z Z Pk / drodr1s5” (Jrol)eis (Iro — r1 )R (jry — x)),  (B.103)
k=1u=1[=1 v=1

which is known as the site—site Ornstein Zernike equation (SSOZE). The new function sg,j“) is the

intramolecular correlation matrix. It provides for the propagation of correlations along sites rigidly

connected in the same molecule. It has the form"

5. O] — [162)

Y arn)p2

s (r) =

1.7

(B.104)

where |1$]3| is the bond length between sites 4 and v on a molecule of species .

VOne can deviate from the rigid molecule assumption here and allow bond vibrations, since this is essentially a
two-body term. The form for the intramolecular correlation matrix in this case can be found in ref. 167.
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Generalizing the matrix form of the OZE, Eq. B.69, to the SSOZE, Eq. B.103, each matrix
<~
element (h);; now represents an a; X a; matrix of site—site correlation functions. From now on
o o o

«
h, ¢, 8, P and s will represent these larger site—site matrices. In this notation, the SSOZE is

compactly written as

R =€ @+ 5 @S« -h @) (B.105)
Substituting the identity
€ (r) =S (rx ¢ (r)x s (r) (B.106)

into the SSOZE, Eq. B.105, and multiplying from the left and right by ? (while noting that ? .S

(r) =5 (r)- ?Eg (r)), the SSOZ is expressible in terms of a new chain sum

P-h()?p = SE*C S E)+S xS @) x(h-h (1))
= Cle(r), S (). (B.107)
Eq. B.107 has a solution in Fourier space
Fenmp = [T-8® <wH ]_1 S ()¢ ®)-S )
h(k) = [T-5@® <@ ‘3]71 S &) € (k)€ (&) (B.108)

Unlike the full OZE, the correlation functions in the SSOZE depend only on the absolute value of
the distances between the sites. Thus the convolution theorem holds and the derivation of Eq. B.108
is valid. The discussion leading to the reduction of the OZE into three separate equations for the
solvent—solvent, solute—solvent and solute—solute correlation functions Eq. B.78 is also valid for the
SSOZE in matrix form.

To obtain a closure equation for the SSOZE, one can perform the same functional Taylor series
expansion as that leading to Eqs. B.88 and B.93, but with site labels decorating the potential energy
and density functions as well as molecular type labels. The derivations go through exactly the same

and result in the site-site PY closure
RO () = PN (1 +h{D () — 2V (7’)) -1, (B.109)
and the site-site HNC closure
B0 (r) = e~ PN A=) (B.110)

Now, using the SSOZE equation, Eq. B.107, and its solution, Eq. B.108, in combination with
the PY or HNC closures, one can computationally obtain the GCFs for any system of molecular
fluids and thus compute the free energy of solvation. Actually, use of the HNC closure allows a
very simple computation of the free energy of solvation because the thermodynamic integration
can be done analytically,'®® so that the GCF’s need only be obtained for A = 1. To see this,

consider the equation for the solvation free energy Eq. B.100. Using the Mayer f-function??>28.159
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f(ab)( ) = exp(—ﬂugfb) (r)) — 1 and an auxiliary function y(ab)( y=[1+7F (ab)( )]_lggfb) (1), the free

energy of solvation can be written as

5Ol Zzzpk/ dA/ A flk/(\ )yﬁt)(n)\). (B.111)

k=2 s=1 t=1

(ab) _ (ab)( )

Now, HNC closure implies that y;; " = exp(h - cgfb) (r)) and from the relationship between g

and y, one can compute (dropping indices for now due to their redundancy)

dh d
B.112
which yields, after differentiation and re-arrangement,
df d 9 dc
Yoy = ﬁ( - —h )+ hﬁ' (B.113)

Half of this expression is a pure differential, which is easily evaluated when plugged into Eq. B.111.
The other half, after summing over the indices, as in Eq. B.111, and substituting in the SSOZE,
Eq. B.103, yields
m a1 ak (st) m a1 Gk
(st) dclk (r,A) (st)
D) IP I ICIVEr S UL o o i FlS (B.114)

k=2 s=1 t=1 k=2 s=1 t=1

m m a; Op

su uv v dC(St) (r7 A)
335 S el )] “EE,

=1 p=1u=1v=

This, in Fourier space, looks like

m ay Qg dC (k )\) m [¢5] A

st st
SSS A%, A D [c§k>(k,x)+ (B.115)
k=2 s=1 t=1 k=2 s=1 t=1

m m P dc(st) (k, )\)

> it (&)t (k, Npyhly (k)] o
The total correlation functions, h( 2 , do not depend on A because the solute density, p1, is zero;
so the only total correlation functions that could depend on A are eliminated by the density factor.

(su) 4 is proportional to d1;, one can

Using the property that the intramolecular correlation function s
see that, other than the fact that one direct correlation function is a derivative, there is really nothing
asymmetric about the direct correlation functions appearing in the equation. Therefore, one can

pull the derivative through the sums and multiply by a factor 1/2 to account for the product rule

to obtain
m a1 ag . d (st) (kv)‘) m a1 ak .
%;;h( ) %T = 2dx kZQZMZI [Cgkt) (B.116)

DS Z 5 (1)) (1, M) pph 20 (k) | 29 (K, A).

=1 p=1u=1v=1
This gives, in real space,

m al Qg d m

ST A TN DS S 0, (B.117)
k= t=1

k=2 s=1 t=1 2 s=1
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which is a perfect differential in A\. Using Eqs. B.117 and B.113 in the free energy Eq. B.111, one

obtains an analytic expression for the free energy of solvation under the SSOZE and the HNC closure

m a1 Ak o0 . 1
ApolY = ZZ Zpk/ Anr?dr [cgf) (r,A=1)— §h§§:) (r, A =1)2
0

k=2 s=1t=1

1 8 8§
+§h§,j’ (rA =1 (A= 1).] (B.118)

Such an expression is very useful, for now one does not have to worry about numerically integrating
the GCFs over A and only has to compute the GCFs for a single value of A\, namely A = 1.

When one wishes to actually solve these equations, one assumes the total and direct correlation
functions go to zero rapidly after a few molecular diameters, i.e. they are short ranged. With this
assumption, one can truncate these functions after only 20 A or so, and expect to get the same
answers for the interaction energy and the free energy, as if they were truncated after 100 or 1000 A.
However, for Coulombic potentials, this assumption breaks down since, at least for atomic liquids,
it can be shown that ¢(r) & —pBu(r) for large r. One way to eliminate this long range behavior is to
renormalize the SSOZE.'%7:169 If one denotes the dimensionless long range part of the potential by

Aad
¢ (r)=-4 Ueoul (r), then one can write the chain sum OZE, Eq. B.107, as

End — ~ g

5 h(r)P=ClE (=0 ()+ ¢ (), P50 (B.119)

It is easy to show,'®” by writing out the first several terms in the chain sum, that this sum is equal
to

L ad And * And
h () B=C[6,7 -5 M +CE (1), P -F () +Clp, P - (], (B.120)

t ot

where ¢ (r)=c (r)— Z is the renormalized direct correlation function.

One can define the function (3 (ry==¢ [Z, p-s (r)], which is easily computed using Eq. B.72. In
fact, a (r) only depends on the long range potential, the density of the molecules, and the structure
of the molecules. These are known independently of the GCF, i.e. (3 (r) can be determined quickly
and easily before attempting to solve for the GCF. In certain circumstances, the renormalized long
range potential, a, can be associated with the Debye—Hiickel potential.'®® Now, applying Eq. B.72
to Eq. B.120, one obtains the renormalized solution to the SSOZE

PR P-Q@) = & m,Q@+ s8]
T hRMP = Ql+|T-Qw+7-5 k)< ®
Q)+ 5 -5 k) S (®)- Q)+ -5 (R), (BI21)

where explicit dependence on the long range potential has been removed and the renormalized
potential decays much faster than 1/r.167:169

A discrepancy that one immediately finds when computing the solvent correlation functions is
that they produce an incorrect value for the bulk dielectric constant. It can be shown!'7%17! that

when combining the HNC closure and the second moment expression for the dielectric constant,
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€, the SSOZE yields € = 1 + 3y, where y = >, 4mp;fp? /9 and p; is the mean molecular dipole
moment of molecular species ¢. For actual water-like molecules, this effective dielectric constant is
around 18, as opposed to the expected value of about 80. This is a big discrepancy and, essentially,
it says that in the SSOZE the solvent does not screen the Coulombic interactions properly.

As an ad-hoc remedy to this problem, it has been proposed that to account for screening one
can multiply the Coulombic interactions by some constant. If we call this constant A, so that

Ueft (1) = Aucou (1), then the same procedure can be followed and one obtains
1+ 34y

T1+3A-1)y

From this equation, one can define the parameter A such that one obtains any desired dielectric

¢ (B.122)

constant. In practice, this method is used to obtain the bulk solvent correlation functions. Then, to
obtain the solute—solvent correlation functions, an unmodified (A = 1) solute—solvent interaction is
used. This method has been shown to give better agreement with experimental results than using
only the unmodified Coulombic potential.}??

The expression for the free energy of solvation given in Eq. B.118 can be improved by assum-
ing that the solvent interacts with the solute statistically with a Gaussian probability distribution
function and that the solute is coupled to the solvent bath linearly in the density field.!73:17 The

revised formula, which essentially results in removing the h?(r) term from the integrand, is

[¢5] QA

m o0 ) 1
A=Y S [ dwrtar [ciif’m:1>+§h57:><r,A=1>c§7:><r,A=1> . (BA23)

k=2 s=1 t=1
This form for the free energy of solution has also been shown to yield free energies in much better

agreement with experiment, Monte Carlo and molecular dynamics simulations.!7? 173

B.6 Numerical Computation of the GCF's

The theory developed in the previous sections can now be put to use in computing the radial site—
site correlation functions, the GCFs. The first consideration is to obtain the point at which one
can truncate the numerical histograms of the correlation functions. It has been found that one
can truncate at 20 A without loss of accuracy.'”® Second, one must determine how finely to bin
this range. A fine grid allows very accurate sampling, but costs computation time. A sampling of
512 bins per 20 A has been shown to provide accurate sampling.!”® Third, one must determine the
species of molecules in the fluid and their respective densities. Using this information and Eq. B.104,
one can compute the matrices ? and s (r). One can also compute the Coulombic screening constant
A from Eq. B.122.

Next, one must determine the site-site potential energy functions. This is typically done by
assuming that the intermolecular energetics can be adequately described by van der Waals (modeled
by a Leonnard—Jones potential) and Coulombic terms. The potential between sites a and b on two

different molecules would be

tap(r) = —dens ((%)6 - (@)”) + Ay 22, (B.124)

r
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where the interatomic van der Waals parameters are obtained by the Lorentz—Berthelot rules o, =
(0a+03)/2 and €4y = (/€.€p- The partial atomic charge on each site is denoted by Z and the ad-hoc
screening constant introduced to correct the bulk dielectric constant is denoted by Agp.

With the knowledge of the Coulombic interaction terms, (Z)ab = AapZoZp/r, and the intramolec-
ular correlation matrices, one computes the screened Coulombic potential (3 r==¢C [z, p-5 ()]
using Eq. B.72. Then, one is ready to solve the coupled renormalized nonlinear SSOZE, Eq. B.121,
and HNC, Eq. B.110, for the correlations functions.

These equations are solved by making an initial guess for the CCF, plugging this guess into the
SSOZE to get a new guess for the HCF and then plugging this into the HNC closure to get a new guess
for the CCF. The Fourier transforms required for this process can be performed one-dimensionally
because the functions in question are spherically symmetric.!”” If the integrated difference between

the new and old guesses for the HCF is sufficiently small, i.e.

\/ / " dr(hota(r) — hnew(r))2 < 0.0001, (B.125)

for every site—site correlation function, then the functions have “converged” and one has obtained a
solution. If the integrated difference is large, then the new guess is combined with the old guess to
obtain a revised guess and the process is repeated .V

There are two commonly used methods used to mix old and new guesses and hasten convergence.
The first, the Picard method, mixes them together linearly.!”® This method has the advantage of
being very fast, but it takes many iterations (thousands) to converge. The other method, based on a
mixture of Newton—Raphson interpolation and Picard iteration, converges very quickly, but is much
slower to implement.'79181

The initial guess often determines how quickly, or even if, one can obtain convergent solutions
to the OZSSE and HNC equations. One method of guessing that works well is to use the hard-
sphere correlation functions. The CCFs for hard spheres can be computed analytically under the
PY closure.?® The solution is

_ (1+42n)? nz® (1+3n)?
o(w)={ ~-nr (14+75°) +one e r<d (B.126)
0 r>d

where x = r/d, n = nd®/6 is the packing fraction, and d is the hard sphere radius. Using the
suggestion of Monson, one chooses d,; = 0.9044 and sets ¢(r) = 0 for d < r < 1.5d to obtain good
convergence.'80

Once the equations have been solved and the GCFs are available, the free energy of solvation

and the energetic and entropic contributions can be obtained from Eqs. B.123 and B.101.

WThis allows one to achieve faster, more stable convergence than by simply using the new results.



